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Abstract

‘The appearance of superstable cycles in the dynamical approach[1-2] to
the antiferromagnetic and ferromagnetic spin-1 lsing and Ising-
Heisenberg models[3-5] on diamond chains, and their connection with
magnetization plateaus is investigated. The rational mappings, which
provide the statistical properties of the model, are derived by using
recurrence relations technique. We consider stability properties of the

. mapping, providing evidences of a connection between magnetization

platecaus and dynamical properties, as the behavior of lLyapunov
exponents|6-7]. The newfound correspondence between superstable point
and zero magnetic plateau in spin-1 models on a diamond chain has been
tested for a range of parameters. L

The geometrically magnetic frustrations and quantum thermal
entanglement of antiferromagnetic metal-containing - compounds. are
considered on a diamond chain. We rcsearched the magnctic and thermal
properties of the symmetric Hubbard dimers with delocalized interstitial
spins and the quantum entanglement states, It is presented magnetization
plateaus and negativity in spin-1 Ising-Ileisenberg model using transfer
matrix technique [8].

The appearance of superstable points and cycles in the dynarmcal
approach to the antiferromagnetic and ferromagnetic spin-1 Ising model
on diamond-like decorated Bethe lattice, as well as their connection with
magnetization plateaus are considered. The diamond chain can be
considered as a coordination number equals to 2 diamond-like decorated
Bethe lattice. »

We investigate the interrelation between thc distribution. of stochastm
fluctuations of independent random variables in probability theory and
the distribution of time averages in deterministic Anosov (. systems. On
the one hand, in probability theory, our interest dwells on three basic
topics: the laws of large numbers, the central limit theorem and the law of
the iterated logarithm for sequences of real valued random variables. On
the. other hand, we, have chaotic, umformly hyperbolic Anosov C
systems[9- 11] defmc'd on tori which have mixing of all orders and nonzero
Kolmogorov. entropy. These extraordinary ergodic, properties of Anosov
C.systems_ensure- thar the above classical limit theorems for sums of
independent random, variables in probability theory are fulfilled. by the

.time. .averages..for -.the . sequences generated by the C-systems. The
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MIXMAX generator of pseudorandom numbers represents the C-system
for which the classical limit theorems are fulfilled.

We provide frontal cellular automata algorithms for Abelian sandpile
models [12-13]. Also we calculate the height probabilities on a 2D lattice
with fractal boundaries.

Timeliness and relevance

‘The theory of dynamical systems, besides its intrinsic theoretical
relevance, recently had a significant impact on a wide range of disciplines
from physics to ecology and economics, providing methodological tools
which are currently employed in financial and economic forecasting,
environmental modeling, medical diagnosis, industrial equipment
diagnosis and so on. An important physical setting in which such
dynamical techniques are profitably applied is equilibrium statistical
mechanics of lattice models, more specifically in the investigation of
physical properties of Jow-dimensional classic and quantum spin systems
in an external magnetic field. Such systems can be successfully described
with the help of Ising and Heisenberg models. The Ising model was
invented by the physicist Wilhelm Lens(1920), and solved by his student
Krnst Ising. 'The one-dimensional model which was solved by Ising has no
phase transition. The Ising model was further researched by Peierls,
Onsager, Yang and many others. The model has also been successfully
studied with the Monte Carlo method. The Heisenberg model was
discovered by Werner Heisenberg and, nearly simultaneously, by P. A. M.
Dirac, in 1926. Further work

over the following decade established the Heisenberg model, due to its
versatility, to be “the fundamental object of study of the theory of
magnetism”. Since then, much work in theoretical statistical mechanics,
solid state physics, and mathematical physics alike has been concentrated
on understanding this model. Despite this effort, the Heisenberg model
rematins largely intractable, its predicted energy levels and eigenfunctions
pootly understood, especially in a three-dimensional setting, The first step
towards solving the Heisenberg model was the diagonalization by ans
Bethe in 1931 of the one-dimensional Heisenberg XXX model. Using an
cxtension of the Bethe ansatz, Rodney Baxter solved the more general
one-dimensional XYZ model in 1971. This solution, however, as well as
approaches to the two-dimensional and three-dimensional Heisenberg
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models, is exceedingly complicated. The ileisenberg model can be used to
describe magnetically ordered solids, in which internal magnetic
interactions cause individual magnetic ions 1o possess nonvero magnetic
moments below some critical temperature. In papers |1 111} we study the
spin-1 Ising and Ising-Ieiscnberg modecls on a diamond chain: and
diamond like decorated Bethe lattice.

Many numerical problems in science, engincering, finance, and statistics
are solved nowadays through Monte Carlo methods; that is, through
random experiments on a computer. There are two principal methods used
to generate random numbers. The first method measures some physical
phenomenon that is expected to be random and then compensates for
possible biases in the measurement process. Kxample sources include
measuring atmospheric noise, thermal noise, and other external
electromagnetic and quantum phenomecna. The second method uscs
computational algorithms that can produce long sequences of apparently
random results, which are in fact completely determined by a shorter
initial value, known as a sced value or key. While a pseudorandom
number generator based solely on deterministic logic can never be
regarded as a "true” random number source in the purest sense of the
word, in practice they arc penerally sufficient even for demanding
security -critical applications. From a set of sufficiently good generators
one can get a superior one by mixing them which of course comes with
fare higher consumption of computation resources. This technique is a
working solution for most cases. But with the emergence of tasks which
require an astronomical large sets of random numbers the requirements
for computational speed become crucial. The MIXMAX gencrator is a
family of pseudorandom number generators (PRNG) and is based on
Anosov C-systems (Anosov diffeomorphism) and Kolmogorov K -systems
(Kolmogorov automorphism). To quantify the quality of a random
generator is not a trivial task moreover when the generated sets are very
large. In paper [IV} we studyed the MIXMAX generator with the h(‘lp of
central }imit theorems.

Cellular awtomata (henceforth: CA) are discrete, abstract computational
systems that have proved useful both as general niodels of complexity and
as more specific representations of non-lincar dynamics in a variety of
scientific fields. Despite functioning in a different way from traditional,
Turing machine-like devices, CA with suitable rules can emulate a




universal Turing machine, and therefore compute, given Turing’s thesis,
anything computable. -

'The concept of Cellular Automata was originally discovered in the 1940s
by John von Neumann. In the carly Sixties, E.F. Moore (1962) and Myhill
(1963) proved the Garden-of-lden theorems stating conditions for the
existence of so-called Gardens of Eden, i.e., patterns that cannot appear on
the lattice of a CA except as initial conditions. Gustav Iledlund (1969)
investigated cellular automata within the framework of symbolic
dynamics. In 1977, Tommaso Toffoli used cellular automata to directly
model physical laws, laying the foundations for the study of reversible CA
(Toffoli 1977). The Abelian sandpile model, also known as the Bak—Tang-
Wiesenfeld model, was the first discovered example of a dynamical system
displaying sclf -organized criticality. It was introduced. by Per Bak, Chao
Tang and Kurt Wiesenfeld in a 1987 paper. The model is a cellular
automaton. The model has since been studied on the infinite lattice, on
other (non-square) lattices, and on arbitrary graphs (including directed
multigraphs). - C

‘The original interest behind the model stemmed from the fact that in
simulations on lattices, it is attracted to its critical state, at which point the
correlation length of the system and the correlation time of the system go
to infinity, without any fine tuning of a system parameter. This contrasts
with earlier examples of critical phenomena, such as the phase transitions
between solid and :liquid, or liquid and gas, where the critical point can
only be reached by precise tuning (e.g., of temperature). Hence, in the
sandpile model we can say that the criticality is self-organized. The
sandpile model exhibits a phenomenon called avalanches. The frequency,
size, and duration of sandpile avalanches are of great interest. It has been
demonstrated that the distribution of avalanches has a fractal structure,
and ..thus has nontrivial correlations with power-law decay. Many
phenomena in nature exhibit this fractal structure. In Dhar (1999), several
examples of this power-law decay are explained. For example, the author
cites spatial fractal behavior, such as the height profile of mountain ranges
or the drainage arca of a river as we travel downstream. In paper [V] we
study the-Abelian sandpile model with fractal boundaries using frontal
cellular automata algorithms. One of the more interesting features of
fractals is its way of scaling. If we take a polygon and double its edge
length, its area becomes four times its original area. But if a one-
dimensional fractals lengths are all doubled, the spatial content of the
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fractal scales by a power that is not necessarily an integer. ‘I'his power is
called the fractal dimension. of the fractal, and it usually cxceeds the
fractal’s topological dimension. Fractal patterns which exhibit diverse
degrees of self-similarity have been the focus of rendering or study in
images, structures and sounds and have been observed in nature,
technology, art, architecture and law. The graphs of most chaotic
processes arc fractal which makes them cspccmlly interesting to study
from the perspectwc of (.haos theory ’

Aim of the dissertation

»  the study of stability of a number of classical and quantum spin
systems on lattices,

» the calculation of Lyapunov spectrum for Lhe mcnuoned
models, ;

e the derivation of connection.hetween Lyapunov cxponents and
magnetization, G

e the derivation of connection be;i.wecn superstable point and the
ground states phases, .

e  the study of Anosov-C systcms as a RNG wnh Classical limit
theorems, .

" e the study of Abclian sandpile model with fractal boundaries by

utilizing frontal cellular automata algorithms.

Novelty of the work

In this work the vfol]owing new results weré obtained: _ _
1. We found that superstable points correspond to a ground state
phase (the none magnetic phase) for some.spin models.
2. Superstable points are connected to zero magnetization plateau

for some spin models.



3. The first maximum Lyapunov exponent plateau is rather similar
to the second plateau of magnetizaﬁon if there exists a
superstable point for some spin models.

4. The data suggests a non-trivial relation between ground states
and stable fixed for some spin models.

5. We show that the random numbers generated with MIXMAX
satisfy the Central limit theorems with satisfying accuracy.

6. We calculate the probability of having a fixed number of sand
grains depending from the distance from the fractal boundary in
ASM.

Practical value

The spin-1 lsing and Ising-Heisenberg models on diamond chains are a
very good approximation for atoms of homometallic magnetic complex

[Nig{C4H204), (13 — OH),(H,0)4],, and the molecular compound
[Nig(us — OH)4(0OMe),(05PR,);(0,C Bu)g(HO,C Bu)g] . Magnetic-
property measurements on such compounds indicate the coexistence of
both antiferromagnetic and ferromagnetic interactions between the
magnetic centers, Ni ions with spin 1, which indeed suggests to
investigate theoretically the magnetic properties of such compounds.
Another related interesting material is Cuz (€ 03);(0H), -known as
natural azurite {Copper Carbonate Hydroxide)- which can be well
described by using the quantum antiferromagnetic Heisenberg model on
a generalized diamond chain, The MIXMAX generator is used ina
number of scientific programs, which makes the study of its quality
actual. The Abelian sandpile model and fractals are used in a number of
disciplines. The Abelian model can describe natural phenomenon such as
the height profile of mountain ranges or the drainage area of a river as
we travel downstream.

Main points to defend
Main points to defend are: .

1.

In spin-1 Ising/Ising-Heisenberg models on diamond chain and
diamond like decorated Bethe lattice we found that superstable
points which emerge when there is no external magnetic field
correspond to a concrete ground state phase the non-magnetic
phase. For the spin-1 Ising case on diamond chain the non-
magnetic ground state phase corresponds to states with positive
crystal field as for the Ising-Heisenberg case it corresponds to
states with 4 > 2J.

For the same models as mentioned in the first point we found
that superstable points i.e. point whose maximum Lyapunov
exponent tends to negative infinity when the temperature goes
to zero and the slope connected to it correspond to zero
magnetic plateaus. _ »

For the models both maximum Lyapunov exponent and
magnetization exhibit plateaus, which have similar divisions,
except the superstable points =zero magnetization
correspondence there is also a connection between the first
maximum Iyapunov exponent plateau and a magnetization
plateau. '

For the models mentioned above we found that the graund state
diagrams and stable fixed points diagram are rather similar. Ifwe
did scale the stable fixed points diagram by a factor of 2 its
divisions would have a ome to one correspondence to the
divisions of the ground state diagram. .

We show that the random numbers generated with MIXMAX
satisfy the Central limit theorems with satisfying accuracy. More
precisely we generated arrays of random numbers (some with
the length of 10%*) and tested if it satisfies the three basic topics:
the laws of large numbers, the central limit theorem and the law
of the iterated logarithm.



6. We calculate the height probabilities on a 2D lattice with fractal

boundaries.
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Length and structure of the dissertation

‘The thesis is divided into six parts. The first part is dedicated to some
prerequisites on which we draw on later. The following five chapters
describe our works, which are followed by the bibliography.

[ R ST i s iy
Content of the dissertation

The thesis starts with a short introduction. The first ‘chapter explores a
varicty of topics such as the Ising- model, Monte -Carlo methods and
Anosov C-systems, Cellular Automata and.Sandpile model. In the next
chapters we describe the original works.

Chapter 1

Chapter 1 bégins with a short introduction to Statistical mechanics. The
text covers the definitions of the partition function, free energy and the
form of the observed average thermodynamic value of any observable in
terms of Statistical mechanics. Next we give the definition of the general
Ising model in form of its Hamiltonian, in this part only the most basic
properties of the model are noted. In the following part we discuss
spécific heat, its form depending on internal energy which itself depends
oh free energy. In this part we also give the definition of two critical
exponents, In the following part we give the definition of Magnetization
as an average of magnetic moment per site and review some of its
properties. This follows with the definition of susceptibility. After we
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consider the nearest -neighbor Ising model and discuss some of its
interesting propertics. Afterwards we discuss and review the one -
dimensional Ising model. This part acts as a theoretical background for
some parts in Chapter 2, 3 and 4. We start this part by describing the
model and giving the general form of its frec energy and magnetization.
We alsa discuss the transfer matrix method which has an essential role in -
exact solutions of Ising and/or Heisenberg models. Next we talk about the
correlations between two spins. Here we also take advantage of the
transfor matrix method. And at the closing part of this section we discuss
the models critical behavior near zero temperature. In the following
section we study the Jsing model on Bethe Tattice. In the first part of the
section we discuss the Bethe lattice and Cayley tree. We give a convenient
definition of the Bethe lattice as a sub lattice of the Cayley tree. Next we
show that the Bethe lattice has seemingly infinite dimensionality. In the
next part we describe the recurrence relations technique. As the transfer
matrix method it is also an essential tool in the study of fsing and
Heisenberg models. Next we show the form of the partition function and
magnetization when using the recurrence relations method. 'T'he set of
recurrence relations expressions for the Ising model on Bethe lattice

has only one clement and its form is comparatively simple. In the
following part we take a closer look at the magnetization. We cxpress it as
a function of external magnetic field. We also discuss its behavior
depending on the critical point. In the next part we take a look at the free
cnergy of the Cayley trec and from it derived free encrgy of Bethe lattice.
In the next section we give an introduction to the Abelian sandpile model.
This model was presented by Per Bak, Chao Tang and Kurt Wicesenfeld in
a 1987 paper [1]. It is the first dynamical model shown to have self-
organized criticality. Dynamical systems have self-organized criticality if
they manifest a critical point as an attractor. Their macroscopic behavior
thus displays the spatial and/or temporal scale-invariance characteristic of
the critical point of a phase transition, but without the need to- tune
control parameters to a precise value, because the system, cffectively,
tunes itself as it evolves towards criticality. 'The concept self organized
criticality has been applied in a variety of disciplines including physical
cosmology, evolutionary biology and ccology, bio- inspired computing and
optimization (mathematics), economics, sociology, meurobiology and
others. The model can be thought of as a Cellular automaton. ‘Ihe concept
of cellular automata was first introduced by John von Neumann in the

11



1940s. In the following part we: give the definition of Cellular automata
and discuss some of its-more important properties. Next we review frontal
cellutar.automata and Abelian sandpile model. We give the definition of
frontal cellular automata: and discuss ‘its differences from the general
cellular automata. We alse bring arguments why frontal cellular automata
are superior to general cellular automata in this setting. Next we give the
definition of the general sandpile model. We also introduce a couple of
concepts:which simplify and enhance our understanding of the sandpile
model. And at.last but not least we give the criteria which makes a
sandpile madel Abelian and discuss some pivotal lemmas of the subject.

In the succeeding section we. give an introduction to pseudo random
numberigenerators and.especially the K-system generators. There are two
metheds of Tandom number generation first the so called true random
number. generators and second pseudo random generators. True number
generators first measure some physical phenomena then transform the
output of the measurement to counter some possible biases, Of course the
physical phenomena are chosen to be as random as possible. The most
popuidar phenomena include atmospheric noise, thermal noise, and other
external electromagnetic and quantum phenomena. One of the apparent
weakness of such method is its speed. Most true random generators have
much slower speed compared to pseudo random generators which makes
them uncontentious if a large set of random numbers are required.
Another shortcoming of true random generator is their unreliability, i.e.
if we generate random numbers with the help of -cosmic background
radiance it will return different data depending on the radiance of the sun.
‘The second group of random number generators are pseudo random
generators or ells called deterministic random bit generator. Pseudo
random generators are essentially an algorithm which takes a seed and
returns a sequence of numbers. Of course this sequence depends on the
seed and is not truly random as the sequences generated by true random
gencrators. Nevertheless, there are pseudo random generators which
generate sequences very close too true random. An advantage of pseudo
number generators is its reproducibility, i.e. by knowing the seed we can
reproduce the sequence of numbers. Pseudo random generators are mostly
used in simulations such as the Monte Carlo method and cryptography.
Devising a pseudo number generator with quality. output is not a trivial
problem. Fspecially in cryptography and some Monte Carlo simulations
have: seme very high requirements on the pseudo random generator. In
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general, careful mathematical analysis is required to have any confidence
that a pseudo random generator generates numbers that are sufficiently
close. to .true-randem to suit the intended use. In the first part of this
section we discuss the Monte Carlo method. Next we give the definition
of the Metropolis algorithm. We also show the application of metropolis
algorithm for the Ising model. After we give the definition of the so called
K-system generators. Next we show some results connected to the K-
system generators.

Chapter 2

Chapter 2 is based on the paper [1}. In this paper we consider the study the
antiferromagnetic and ferromagnetic spin-1 Ising and Ising Ilcisenberg
models on diamond chains. The recursion relation technique is a powerful
method which allows as to rescarch the model as an abstract dynamical
system. In this paper we investigate the connection between stability
properties and magnetization. The paper is organized as follows:

Section 2.1 is an introduction. Gorrat e e
Section 2.2 gives the definitions of the models we consider; and derives
from them the recursion relation. It also gives the magnetization and
quadrupole moments for the models.

Section 2.3 begins with the definition of Lyapunov exponents. Next it
describes the process and results of our calculations. It also gives a
comment on our results when compared with the experimental data from.
Section 2.4:gives discussion and conclusions.

In the Apendix we give the full form of the recursion relations and the
cigenvalue, eigenvector pairs for the ground state phases.

Chapter 3

Chapter 3 is based on. the paper [II]. In this paper the geometrically
magnetic frustrations and quantum: thermal entanglement .of
antiferromagnetic metal-containing compounds are considered -on.a
diamond chain. The paper is organized as follows: .
Section 3.1 isan introduction. ::.
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Section 3.2 defines a symmetric diamond chain with delocalized Hubbard
interstitial spins. The symmetric Ising-Hubbard model diamond chain is
solved with the transfer matrix technique. This section also gives the
expression for the reduced density matrix of a Hubbard dimer.

Section 3.3 describes the magnetization plateaus and negativity in spin-1
Ising - Heisenberg model. Which are also derived with the transfer matrix
technique. .

In Section 3.4 we utilize two models the spin-1 Ising and Ising-Heisenberg
models. We calculate the magnetization and Lyapunov exponents using
the recursion relation technique.

‘The last section gives a conclusions and final remarks.

Chapter 4

Chapter 4 is based on the paper [III]. In this paper we consider the
antiferromagnetic and ferromagnetic spin-1 Ising on . diamond-like
decorated Bethe lattice. The calculations of Lyapunov exponents,
magnetization and quadrupole moment are done via recursion relation
technique. ‘The paper is organized as follows:

Section 4.1 is an introduction.

Section 4.2 begins by giving the definition of the model and its dynamic
solution in form of two recursion relations. Next it defines Lyapunov
exponents and gives the conditions where superstable points occur. It also
gives the ground states and magnetization of the model.

Section 4.2 gives discussion and concluding remarks on the paper.

Chapter 5

Chapter 5 is based on the paper {IV]. In this paper we investigate the
interrelation between the distribution of stochastic fluctuations of
independent random variables in probability theory and the distribution
of time averages in deterministic Anosov C-systems. The paper is
organized as follows:

Section 5.1 is an introduction.

Section 5.2 is a review of classical limit theorems in probability theory.
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Section 5.3 discusses the statistical properties of deterministic dynammal
C-systems.
Section 5.4 considers the MIXMAX C-systems Generator and its
properties. It also studies the generator from the view point of central limit
theorems.

Chapter 6

Chapter 6 is based on the paper [V]. The paper provides frontal cellular
automata algorithms for abelian sandpile models. Also in this paper we
calculate the height probabilities on a 2D lattice with fractal boundaries.’
Fractals have been subject of study in a variety of ficlds. The paper is
organized as follows:

Section 6.1 is an introduction.

Section 6.2 is a short introduction to Cellular automata.
Section 6.3 begins with a brief introduction to' Abelian sandpile model.
Next it gives a frontal cellular automata algorithm for the model.

Section 6.4 is a short description of the loop erased random walk and
Wilson’s method.

Scction 6.5 gives the results of the paper in form of the height probabilitics
on fractal bounded lattice.

Conclusions
We were able to derive the connection berween Lyapunov exponents and
magnetization for spin-1 Ising/Ising-Heisenberg models on diamond chain
and diamond like decorated 'Bethe lattice. Namely the connection
between super-stable point and the non-magnetic ground state phase.
Also we observed the parallel between LyapunoV exponents plateaus and
magnetization plateaus. Likewise, we noted a connection between ground
state phases and stable fixed points. .

We studied the MIXMAX generator from the. point of view of classical
limit theorems and found it fulfils the requirements.

15



We also studied the Abelian sandpile model on a two dimensional lattice
with fractal boundaries using frontal cellular automata algorithms,
Further we calculated its height probabilities.
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- Yuuhly b pjutinuyghh vy hugpb hudwlwpgbph
niunidbwuppnipiniip gubgkph Ypw hwpynnquijwb b
wbuy hinhly, Ukpnnulpny

T:I{Iq;m]mtﬁ

Munultwuhpyby b unugbpljuyni ghlyikph b huyjn quupp ghbundpy
Uninbigdp hwldbpndwgqihuvwlwb b $Epndwqihuwlwb  wuhb-1
Pqhiq U Pqhhiq-Zuyqbbpkpg unghjubpoud wuniwbnh onpugh Jpw:
Unnhith th&mllmqpmllmh hwnljmpmbbkpp wywhniny nwghntug
wipuyjunljipmdikpp nipu [l pinykp  pkimipubnt
bwpwpbpoipimbbbtph dhpnph hpurndudp: Ukllp phwwplk; Bup
wpnweyunlEpdub .. huprbioeppub hunnljmpnititnp,
npwdunphjng unq{ugm] ghkp npniip hwunuwnnud kb dywnqihuuguub
hwppwlutph U ;r}[lhmdbl{ . humpymipmiibiph  Jhobh  juyp:
Zulwijwpgh  phbudhl hwnljmpmibip  phoipugpl; Blp
Tjwymbnyh gnigunppstbp qupph hgngny: Unudwinh pnpugh
Jpw uyhb-1 dnghjubiponud  wnugtpyuyodh ke b qpoyujub
dwqipuwlwls  hwppwljukph  Jpgh  bop  hwpnbwgnpdwd
hwdwywunuujiwbmipym bp thnpdwpldky £ Jp owpp
wywpudbnpbph hunfwp:

Zmydlipndugihuwwb  dhiwnwn wwpoitbwlng Jhwgmpnibbbph
Epjpuyunhwhwbh  dwgihuwljwl pwbqupnidilpp, b pjuwtinughl
ohipuuyhtt ufEdwdnipmibn phnwplyb B wnudwbinh snpugh Ypus:
Ublp mumubwupphky bup ghplwihqugiwd Uhowlgyuy vughiitkpny
uhutwphly Zmpwpn  gpdbpbbph Jwquhuwliwi b ¢hpdught
hunimpiibtbtpp b pjwinught - pdgwd  (h&wjmbbpp:
‘Llipjuyugdli b uyhti-1 Pqhug-2uyqbping Unpghth dwquhuwguwt
buppwljutpp b puguuwljuim pjuip oguugnpskiny hapwhglui
Uunnphg mnkhibthljwis:

Mumvbwuhpdly 1 umybpuymb ghijiiph hwpnbybip phadhly
Ununkgup huldpbpndwgqihuvwljul b dhpndwgbhuwlwb  wughb-1
Pqhhiq Upphind wnudwinny qupnupdwd Fhiphk guugh dpuw:
Unuwdwinh onpwh jupkih b hudwpk; wpodwinn] qupnupfus
Fhphb gubg nph Ynnpphuwghntt hudwpp huduuwp b hpymuh:
Ukup nunuwbuuhpl; bup hwjwbwlhwimpyub  wnhumpntinod
whljwpt  wwumwbhwlwh  npnjpwlwiubph wnnjuwunhl
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nwnwimdbkph  pwshdwb b ghwbpdpithunpl  Ubnund G-
hudwlupgbpoud dwlwbwlhg Ywhws dhehtitbph pusludwb dhob
ihnuhwpwplpmpmbbtpp:  Uh  Yapdlgs © hujwbwluitn ppwb
nliumpjmb Ukg, Ytip htanwppppmpimbp Ylbnpohmgus b hpuljub
wpdbphipnd YT guunwhwlulr © 7 ndinfenmbbph
hwenprulwbnipymbutph  hudwp  Jbd pdkph  opliph,
bwpninwh vwhvwbwpl phoptivh b pulipugdwsd jnquphpih
optiiph Ypu: Ujymu Ynmlhg, pibklp wnphh Jpu wwhdwbdwd
punuughl, hwiwywd bhylippahy Thnum] C -hwilwlwpglip spnip
nbkl pojnp Jupghph fwetnipngubp b 83 guoywlul Ynjingopndh
Funpnufpur Uhnunyd * C-hwdwupqiph  wptnw@upg < tpgninhl
hunmpynitikpp wojuhngnud Biedtipp bows hodwiuimbnpmb
nlumipimb Uy fuuwlwiruuidwbug it phinpbifukph hpugapsmadp,
apnbn wimp yuwnwhuljuil thnthnhnalutiibinh gnedwpbliph nlipp
junwpjmyu b C-hudwhwpgbph - Ynqdhg glilipugdog
hwgnppuljmimpmbitph  hwdwp dindwbuljhg Juwifuyjud
dhphbiiipp:  Ulind wunnwhwlub pytiph MIXMAX:- h gtiitipuunnpp
blipyupegimd 1 C-hwdwhupge aph hudwp uwwpmd 1
nuuwiinl vwhiwbughl plinpbdtubpp:

Ulup wpudwnplk) Lbp &wluwwnughll peounht wdunnduwn nhwh
wlipghwibpp Upkhwh wjwquinynbph - doglih hodwp: Yob
huwojupll  Gup PwpApnipjuh hujuwbwljmiunpmbhtpp
dpuhrnuguyht vwhdwubbtpny tiplswh gubgh hwdwp:
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Ilorocss Aiix PyGmxoBuy
BrrmcyisTensHEIE ¥ AHAMTHYECKHE HCC/IeOBaHus

KJEARCCHYIECKHX M KBAHTOBBIX COMHOBBIX pPEIIECTYATHIX CHCTEM

Pearome

Hceacpyercd 1OABIEHUe CBEpXCTAOMIIBHLIX IMKAOH: B AHHAMHYECKOM
ToAxozAe K anT(EepPOMArHEHTHEIM U (JeppOMarHuTHRM Moaensm Maumra
u HMaunra-T'elisenfepra Ha alMa3HsIX HemAX ¥ MX CBS3H C IUIATO
HAMArHMYEHHOCTh. PalMOoHaNbHble OTOGpakeHMA, obecneuHBaloNive
CraTHCTMYECKHE CHOMCTBA MOZENH, BBIBOAATCA C HCLOABIOBAHHEM
TEXHUKH PEKyPPEeHTHBIX COOTHOMEHWH. PaccMaTpmBarorcs cBoMcTBa
crabuabHOCTH  OTOOpaKeHMA, IIPEJOCTABIAA JOKAZATENHCTRA CBASH
MY HAMArHHICHHOCTRIO 1IATO M IMHAMMYCCKHMMH CBOMCTRaMH, Kak
nose/erue nokasaresneit Jlanywosa. Beuio uposepeno HosooGpeTeHHasd
COUTBCTCIBHE MCHLY CBEPXCTAOUIIBHONU TOYKONH M iy ERBIM MATHHTIBIM
14aro B Mojensx cnuHa-1 1a armasHOM memM My pajia TapaMeTpos.
PaccmarpuBaiorcs reOMeTPHYECKH MArHHTHEIE PPYCrpaliMi M KBAHTOBOE
TCLJIOBOE  3allYTaiHOCTh AHTH(EPPOMAarHHTHBIX META/ICOASPIKAITIX
coepuHenuil Ha ayMasHoOM yemouxe. MbI HMCCHeOBaNIH MarHHTHBIE H
TepMHYeCKMe CBONWCTBA CHMMETpHYHRIX [guMepoB XaG6apga ¢
JICNIOKATU30BAHIBIME MEXHOY3€JAbHBIMY CIMHAMH H COCTOSHHSIMH
KBAaHTOBEIX 3amyTsIBaHHM. IlpejcraBieHsl HaMarHWYUBAIOWHME IVIATO H
orpuuarensHocts B cuMe-1  momenmn  Hawnra-Tedizenbepra ¢
HCIIOJTB3OBAIIMEM METOAA TPaHCHEPHOH MaTPHIIbI.

Paccmorpeno nosBieHHMe CyriepCTalMJIBHBIX TOYWEK M UHKJIOB B
JMHAMWTYECKOM HoAXOone K anTH(eppOMarHMTHOH M ¢eppoMarHHTHOH
cuun-1 Manear mMosieny Ha aamasonoyoGHOI penieTke Bere, a tawke ux
CBA3® C ILIATOBHIMM HAMArHHYHBaHHAMH. AJIMasHylO HEIb MOXHO
paccMarpuBarh  Kak  aaMasonogo0meli  pemerka bere y  xoroporo
KOOP/IHIAITMOHHOC YHCIIO, PAaBHOE JBYM.

Hccnenyercs B3aumMOCBA3h MeXTy PacHpefiefieHHeM CTOXACTHYECKHX
$urykryauuii nesaBCHMbIX CIYIafHBIX BEIHIHH B TEOPHH BEPOATHOCTEH
¥ pacHpese/leHHeM CPe/iHUX II0 BPEMEHH B JeTepMHHHpOBaHHEBIX C-
cucremax Arocora. C ofHOH CTOPOHEI, B TEOPHH BEPOSTHOCTEH Hamr
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HHICPEC 3aTParHBdCT TPH OCHORHBIC TCMBL 3dKOIILT GONBLITUX GHCL,
TICHTPAJIBHYIO IPEACABHYIO TCOPCMY H 3aKOII HORTOPHOLO J0OrapHdbMa i
UOCTC/(OBATE/ILHOCTEH BEMECTREHHAIX Caywaiunx sesiutun. C pyroi
CTOPOHBI, MLI MMCCM XaOTHINGIC, ParnioMCpHoO vuucpbosindcckuc (
CHCTEMBI AHOCORa, OIIPEIe/IEHHBIE HA TOPAX, Y KOTOPOTO €CF CMCINHBAILHE
BCex ropAfiKax MOPH (KK ¥ OTIMYHYIO OT HyJia arrrponuso Kosimoroposa,
OKCTpaoOpJMHADHHC 3PIOfHYCcKHC cBoifcrea  Ccucrem  Anocowa
TApaHTHPYIOT, 4YTO LPHBEACHHBIC BHLNC KJACCHYCCKUE UPEACHLIILIC
TeOPEMBI i CyMM HE3aBUCHMBIX CHYYaHHBIX BCAMYML B Teopuu
BEPOSTHOCTCH BBIIOMIIHIOTCH CPCATHMI BpCMeny JUIn
ilocneyoparensHOCTel,  uopoxyfaemsrx  C-cucremamu.  l'emeparop
ucesgocryqaiunx yrcen MIXMAX upepcrasaser cofoi C-cucremy, juis
KOTOPOI BHTIOMHAKITCH KNACCHYCCKHE IIPCJICIBIEBIC TCOPCMEY.

Mpr 1pejocTaBsieM WIrOPHTMBL JIOGOBBIX KICTOWHbIX ABTOMATOR JLiN
Moyeneit aGeseBpix mecyanol Kyun. TakKe MBI BEIMUCATEM BCPOATHOCTY
BLICOTET HA ABYMCPHOM PEMCTKE ¢ rpavuniiamu Gppakraios.

Thsh
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